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§ 1. The object of the present paper is to notice certain forms into which the series for 
the primary elliptic functions admit of being thrown, and to discuss the identical rela- 
tions to which they give rise. These latter^ it will be shown, may be obtained directly 
by the aid of Foueibe's theorem, or in a less straightforward manner by ordinary 
algebra. 

^ § 2. Whenever we have a periodic function of w, say ^w, such that #=4.(^+/.), it 
is well known that we may assnme, for all valnes of Xj 

•^^=Ao+ Ai cos h Ag cos h &c. 

4-Bj sm ~ — I-B2 sm 1- &c. ; 

and if \f/^ be even, so that 4/^=\|/(~~^), then Bj, Bg, &c. all vanish; while if ^x is 
uneven, so that ^^=— \|/(— ^)5 Ao, Aj, &c. vanish, li-i^x is snch that %}/^=— \{/(a^+f£i), 
then we have 

a|/^= Ai cos — + A3 COS j- &C. 

or 

1 sm — +B3 sm 1- &C.5 

according as ^x is even or uneven. 

But there is another totally different form in which -^x may generally be exhibited, 
viz. 

or 

=px-~-(p{X'—i^)'--p{x+ytj)^(p{X'----2^^ &c., 

according as ^^(^+1^0 =4^^ o^ =— %|/^. 

The sine and cosine cannot be so expressed, but the other primary circular functions 
do admit of this form, as, ex. gr.^ in the formute 

11 1 1 . 1 . A 

cot Xzz: — -4~ -I- —A ^ — ——-J -i- ^(^ 

■ » o 
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in which, after the first term^ the series proceed by pairs of termSj so that for every 

1 . 1 

term — — there is a term 



Thus in general (although the sine and cosine are, as just mentioned, exceptions) 
we shall have, by equating the different forms of 4^^, identities such as ew. gr, (if "4^ 
is even) 

0^+<p(,:r—- f6) + <p(^+f^)+ &C.=:Ao+AiCOS — +A-2C0S- — + &c. 

Also, it will be seen in § 10 that in certain cases even when -i^ix is not periodic it may 
be exhibited in the form <p^4"^(^~~i^)+^(^'+i^)+ ^^*^ ^^d we shall obtain identities 
in which the two sides of the equation are non-periodic. 

§ 3. Before applying these principles to the elliptic functions, it is convenient to 
write down at once the following eight formulae, which are to be found in the ^ Funda- 
menta Nova ' (pp. 101, 102, &c.), and which are all placed together in Dueege's ^ Theorie 
der elliptischen Functionen' (Leipzig, 1861), pp. 226, 227: — 



smamt*: 



iKJr^^sm^K+i^^sm 2i^-+&c.|, . (I) 

cosam«=:^|j^cos^+.^:p^3COS2K+&c.j, . . (2) 

Amiu=-^U-^Y^^cos-^^ . . . . , . (3) 

^^'^^'^^—2FKY^^2K'^TW^^^'^^ ...» (4) 



cosec am u- 



secamte: 



7t ( TTU 4q mU . 4(fi SwU o ) /r^^ 

1 "^ fi ^9 TTU 4q^ 2mi ^ \ 

% ( itu 4q^ . TTW Aq^ . 2wu ^ .) .^. 

cot am '^=^^'{ cot ^jiF? — ^ , o sm ^ — i~4l7y^^^^l^ — vvc. /, , , , » . (oj 



wherein, of course, g'=^ 



K 



itIL 



In what follows, let r^^*"^' , and take 

so that 

=:e~% r—^™*', and p=^^. 
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Also let ^=2^ ^^^ ^^=^2K^' ^^ ^^^ — =— . 

§ 4. The process of transformation into the form 

may be conveniently exhibited on (2) ; we have 

cos am — ^ = cos am ^=sec am(m, 1^\ which, from (6), 



2^K'(e^4-e-^ 1+r 2 ^1+r^ 2 
IS { \ I 1.1 ^ « 



Trfl I 1 1 1 ©l/rv 



A.J\. I — - — 1 I ——1 J — 1-1 —I "+1 J — 2 1 2 I -+2 I - + 2 f 

The process requires that re"^ should be <1, that is, that u should be <2K; but as 
both sides of the equation are such that they change sign without being altered in value 
when ^+2K is written for u^ we see that the result obtained is true for ail values of u. 
Thus we have 

% ( I 1 1 1 ] 

cos am 2i^^=^^/j^^^y._^ ^;^zt;;j;7^-^~T) ':^j+n^~^(^+T)'T^ • • (lU) 



for all values of x. 

If in (10) we take ^^O, we have 

^K^ . ■ 2 „ 2 

^—1 ^fjf* ^ ^~2_i_ ^2 



2 r-l ' /v. I ^-2 J -^9 ^^»^» > 



or, writing K and if for K' and it, and therefore q for r, 

w — ■*-'~"i4-g^+l + g^"" ^'^ 
which is at once seen to follow from (7), and is given by Jacobi, 'Fundamenta Nova,' 

p. XUo. 

It is, of course, easy to deduce (9) directly from the infinite product 



\/( 



cos am ie\ x ^ (l — 2g2^ cos x + g^^) (I + 2g2»^- ^ cos a? + 0*^-^) 

^=tan77 n 



1 + cos am uj "^ ^"^ 2 ^ (1 + 2^^^ cos ^ + g^^) (1 — 2g2^~i cos ^ + g^**-^) 

for consider 

(l-g2V^)(l-g2«'e-^) 



1 - 2g^^ cos ^ 4 g^^ , . , _^ (l-g^V^)(l-g^^-e-^) 
1 + 2g2« cos ^ + g^'* ' wHicH ■— ( ^ ^ ^2^.-^ ^i ^ g2.^^-ix) • 

3t2 
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Taking the logarithm and differentiating, we obtain, after a little reduction, 

'^l i I. 1 

Similarly, from the uneven factor we get 

7ri( 1 1 

thus 

' i7T^C0SeC^ + ^ Z< ^2nJx_^-2n^-ix'T' 



cosam(K— z^) 2K ~K ^ |g2«g^«'— ^-2^e-^'^~^-2V^— ^27^^-*^ g2n-i^i^^g-(2n-i)^-ix 



Q — (2n—l)Qix Q2n—^Q—n 

Replace u by K— ^5 that is to say x by ^tt—^, and remembering that ^^''~^, 

^-ii7r_.__^'^ we find 



sec am ii=^^hecx+%'% (^2^^^^ 



— 2%/>— la: I • * • f^2n—lpix_i_f^--{2n~l)p—ix 



4 O * f A * 



Herein write m for ^^ and ^' for ^, and we obtain the value on the right-hand side of 
(9) for sec am (m, Jc')^ that is, for cos am ii. 

If the other formulae in the group (1) to (8) be transformed in the same way, viz. by 
use of the identical equations 

sin am u——i tan (m, k% 

A am ^^=:cosec am (ui-\-K!, k% 

we obtain the following seven formulae : — 

M*> f /yX /y% X mX 1 /yt \X 1) /ytX-TT I /y% {^X -T 1 ) 

sm am Aj\.OC^= 2kK!ir^-{-r~^ ^a-i _^^-(x~ij ^+i ij,-(x+r) 

jCC—2 j.—(x—2) j.x+2 y*—(x+2) '\ 

I ^-2 _|.^--(:c-2) +^+2 _|_^-(a;+2) CfeC. >, . , , . . \^^) 

A am 2K^===gK^^^_^ + ^a;-l_|.^~(a:-l) + ^x+l^^-(a:+l) + &C. >, o , . , , (12) 



tan am ^Ia.^ — z.^irn x~- 



.^-(a:-i)+^x+|_^-(a:+i) + ^^-J_^-(a:~|) + &C./', o » (Id) 

_, _i__ ----_-5-r ^^ _- HZ 1 H'^ +&c. > . . , Q4) 

cot am Zj\.X= ~-j^n^a;_^-a; + ^-l_^-(a;-l)~f~^a;+l_.^--(a;+l) + ^C*r« • • • » (-*-'/ 
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It must be remarked that in (11) and (14) the number of terms must always be 
uneven; this point will be noticed at greater length further on (§ 10). 

§ 5. Writing the hyperbolic sine, cosine, &c. as sinh, cosh, &c., these formulae may 
also be written in a somewhat different form : thus 

cosam«^==2lK'1 sech^— sech 2g7(^^"— 2K)— • sech2|r/(^+2K)+&c. >, 

sin am wr^-p^A tanh ^^p— tanh ^^ (tt— 2K)— tanh ^g-/ (t^+2K)+&c. >, 

and similarly for the others. 

, I do not think it likely that the formulae (10) to (17) are new, but I have not 
succeeded in finding them anywhere. Schellbach ('Die Lehre von den elliptischen 
Integralen . . . ' Berlin, 1864, p. 33) gives the corresponding forms for 6it^ 6)U^ &c., 
but he does not allude to the similar expressions for the elliptic functions. It would, 
however, in any case have been necessary for the explanation of the rest of this paper 
to have written down the latter and demonstrated one of them, 

§ 6. By equating the values of sin am u^ cos am u^ &c., as given by (1) to (8) and by 
(10) to (17), we obtain a series of identities of an algebraical character {L e. which are 
independent of the notation of elliptic functions). Thus from (2) and (10) we have 
(remembering the definitions of f/^, v^ &c. at the end of § 3) 

TT f cos X , cos 3^ , cos 5^.o) '^ri i/ \ ^/.\.o^ 

^cosn- cosh— cosh— ^ 

Ji J!i Jli 



VIZ. 

cos^ 



cos %X cos 5^.o "^ { . "TTW 1 '^ / \ 1 '^ r n \ n) 

+- ^ +- — — ^-"+&c. =7r"i sech — — sech - (^— tt) —■ sech ~ i^+'r) + &c. >. 



cosh- cosh^ cosh 

Ji jj ij 



This may be written (by interchanging oc and z^ ^. and v) in the rather more conve- 
nient form 

sech X — sech (^ — |M/) — sech {x + jM/) + sech {x — 2(jb) + sech (x + 2^) — &c. 



wx Sirx 5wx 

^ . cos— cos COS 



' ^cosh—- cosh—— cosh — ^ 
2fj. 2/jb ft 

In the same way, by comparing (1) and (11), we find 

sm — sm 

tanh ^— tanh (^— f^) — tanh (x+[Jb)+&:c.=-~< ^2 +-7 — ^+&c. > ; . . (19) 

(sinh-- sinh-;— ^ 

and by comparing (3) and (12), 



2'7rx ^ Airx 
2 cos 2 cos • 



sech^+sech(^— |M.)H-sech(^+f>t/)+&c.=-<lH ^+ ^ +&c. \. . (20) 

^ cosh — cosh — 
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The comparison of (4) and (13) gives 

cosech r^— ^j+cosechf ^+^j+cosechr^~YJ+c^ 

. 4sm— 4 sin . 

tmi~~- + -^ --^---i^ — r- + &C. k 






which, on replacing w by ^+iF^? becomes 



4 sm 4 sm 



cosech ^+ cosech (^— ^)+cosech (^+/^)+&c.— -<cot ~-^:-r~ — — ~~i^^ — &c. >. (21) 

V ^^ _!.]_ ^Z* 4-1 -^ 



From (5) and (14) we deduce 



. 4sm — 4sm 

/ym I fW'jy^ ft tf 

coth^— coth(^--/^)— coth(^+/^)+&c.=="-(cosec--+---;;2 — - +- 3^2 ^^C' [• (22) 

^ e^ — l e^ —1 

The comparison of (6) and (15) gives 



cosech ( ^— T^j+cosech (^+^1 +cosech (^— ~ j — &c. 

cos — 4 cos . 

/i I ^i^ P^^ t 



. 4 cos — 4 cos 

^ ( wx 

=~<sec — — 
P( F- 



which, on replacing x by A'+i/:^, becomes 



4sm — 4sm 



cosech^— cosech (.2;— lO/)—- cosech (<r+|a.) + &c.=-<cosec— — -^^s — — --3^2 &c. >. (23) 

^t ^e^ + 1 ^"^ + 1 -* 

1 

The comparison of the forms for -r , (7) and (16), merely gives an equation which, 

on replacement of x by ^+ii^3 is identical with that resulting from A am u^ viz. (20), 
while the forms of cot am% (8) and (17), lead at once to (21). 

In the expressions on the left-hand side of (19) and (22) the number of terms included 
must be uneven. 

It is proper to remark that the formulae for (p^— (p(^— ^w^) — (p(^+i^)+&c- c^^ be 
readily deduced from those for (p^+<P(^'— i^) + ^(^+i^) +&c. ; thus (18) is a consequence 
of (20) and (23) of (21). For ex.gr, in (20) write 1^ for jjj^ and we have 

. 2 COS — 2 cos - — V 

sech ^'H-sech (^— 2^) + sech (^+2^) + &c.rz:~ i 1 + ^— | ^ +&c. L 

" ^ cosh — - cosh — ^ 

2f4 jX 
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Double this result and subtract (20) from it, and we have (18). In a similar way 
(23) follows from (21). 

The converse proposition is not true, viz. given the value of <p^— <p(^— 17/)— <p(^-|-/>o) + &c., 
we cannot deduce the value of (p^+<P(^— i^)+^(^+i^) + &c. 

§ 7. The results admit of being connected directly with Fourier's theorem in the 
following manner : it is of course well known that every integral of the form 



or, let us write, 



i 



<p[w) cos nw dx=N^^ 



I <p(^)cos — a^=A 



«? 



gives rise to a series 



(p^=-JAo+2AjCos^+2A2Cos-^+&c. i; 



and that similarly from 



f 



<P[W) sm — dx=i5„ 



there follows 



(px=:-<Bi sin -+B2sin — + &c. J> ; 



and it will now be shown that if cp^ is an even function of ^, and if 



Jo '^^^^ 



COS a^=:A„, 



then 



2 ( SttcJ? A^itt ") 

<pa;H-<p(a?-/io)H-cp(a;+|tA)+(p(^-2/A)+<p(a;4-2f<,) + &c.==-jA„+2A2COs— |-&c.f,(24) 

and 



4 i ttx Stt^ ^ 

<p^— <p(^~]W/)-— <p(^+|7.)+<p(^— 2p)+<p(^ + 2|Oo)— &c.==-<^ — +&cc.\; 



(25) 



also, that if (p-x is an uneven function of x^ and if 



i 



<p(^)sin -77- dx=:Bn^ 



/^ 



then 



<px + <p(x-~(ji^) + (p(x+[jij)+&:c.~~\'B2sin 



t-J34 sm -;; \-OCC, >, 



H' 



f^ 






. (26) 



and 



<pa;— <|>(^— !«.)— <p(a;+|a,)+&c.=:-jB,sin— H-Bssin— +&c.)-. 



■ (27) 



It is sufficient to prove one of these formulae ; take (24). Since <px is an even function, 
<p.%^+^(^~f//)+<p(^+f^)+&c. (which call -^x) is a periodic function with period ^h^ and 
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the right-hand side of (24) must be of the form 



A^+A^2 COS — "4-^4^0^ — 4-&C. 



Now, <p being even, 



2 A^^ =:\ <p («) COS -— dx 



/» 00 

«|« I ^ I «|- ^ ^ I <p(^^'^ cos ~ — - as. 



JDUt 



1 ^(^)cos~- — dw=i f (|~|^) cos — ftf, on takmg ^=|— jMi, 



and 



thus 



I <p(w)coB — cf^= I <p(f +f^) cos ' a|, on taking ^=|+p ; 

Ji* ^ Jo 

2A,„=f {<fi|+<p(0-f^)+<|5(|+f*)+. . • }cos^(^| 



jo "^^"^^ 






unless ^=0, in which case 

so that (24) is proved. Formula (25) may be either obtained independently by a similar 
treatment of the integral 



2A2^^i = I f(^) cos ^ — j^-- d 



m 



? 



or it may be deduced from (24) by writing therein 2(Jb for ^ (remarking that by this 
substitution A^^ becomes A^) and subtracting (24) from the double of the equation so 
formed. Similar processes apply to (26) and (27). 

The method by which the formulae (24) to (27) have been just obtained is the same 
as that by which Sir W. Thomsof (Quarterly Journal of Mathematics, t. i, p. 316) 
deduced the theorem 

^-^^_^-(>-/^F_^-(^+^)^^&c.= ie 4/^^ cos — h^ '^'cos h&c.> . (28) 

/^ ( F' F* ) 

from the integral 

■e'^^'' COB nwdw=-^ 6 ^. 

It was after reading Sir W. Thomson's paper three or four years ago, that I made a 
list of all the suitable integrals of the form 

00 

<p(w) cos nw dw 



Jo 



I 

that were given in Professor Di Haan's 'Nouvelles Tables dlntegrales definies 
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(Leyden, 1867), and deduced therefrom the resulting identities. The only formulae so 
obtained which appeared of interest were, in fact, those which are given in the present 
paper, viz. (18) to (23); but at the time I was not aware of their connexion with the 
theory of Elliptic Functions. It was only recently, after obtaining the values of 
sin am w &c. in (10) to (17), that I remarked that the resulting identities were the same 
as those which I had previously deduced by the aid of Sir W. Thomson's principle. 

It was shown by Cayley at the end of Sir W. Thomson's paper that the identity (28) 
corresponds to 

0(m,^)=^(|)^rlF^ H(t^+K^^O; ..... (29) 

and it is singular that all the identities that follow from the method of this section thus 
appear to correspond either to elliptic or theta-function transformations. Speaking 
generally, the only evaluable integrals of the requisite form are derived from 



1 e'""^'"'' co^ 2hx doc =-^e «' and \ e"'''' cos bw dw 



a 



a^ + b^ 

(including as derivations the corresponding sine formulae), of which the former give rise 
to theta-function relations, and the latter to elliptic-function relations. 

§ 8. The integrals that produce the formulae (18) to (23), and the manner in which 
the latter are obtained from them, deserve some attention. Thus 

Jo ^ +^ Jo ^ ^ 



n^^l^ ^2 ^_ 32-1-^^2^52 



=- seen Y? 



whereby (18) and (20) follow at once from (25) and (24). 
In a similar way we can show that 



i 



* sin n^ ^ w i^^'^ __'^ ^^"^"^^ 

^ 0-ic ^^ — ^ tann "2" -"4 e«^-|- 1 ' 



but the series obtained from the direct application of this integral would not converge ; 
and in order to deduce (21) and (23) from (26) and (27), it is necessary to express the 
integral in the form 



w ( 2 



and to make use of the formulae 

icot|^ =8in^4-sin2^+sin 3^+&c., 
^ cosec ^=:sin ^+sin 3^ + sin 5^+&c. 

This renders the process not so satisfactory from a logical point of view ; but practi- 

MDCCCLXXV. 3 u 
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cally our knowledge that sin^+sin2^4-&c. and sin^+sin3^+&c. are the Foueiir's- 
theorem equivalents of -| cot ^d and ^ cosec d would be sufficient to leave no doubt of the 
accuracy of the formulae so obtained. 

In regard to the other two integrals required for (19) and (22), viz. 



CO 



CO 



1 tniih w Bin fiT dw and I coth ^ sin ^a^ d^, 

Jo Jo 



it is to be observed that, stated in this form, their values are indeterminate ; for the 
former 



and the latter 



= i (1 - -i; ) sin nw dw. 

Jo \ ^e^'-lJ 



both of which involve cos oo . But in point of fact for our purpose the oo of the limit 
of the integral is not arbitrary, but is to be of the form (m+1)^? the lower limit being 



mrx 



mir (or if we replace sin ^^by sin ^^^^, the limits are {m+l)i/j and — m^). Takin| 



then m infinite, 



I 



,00 



(m+l> ^ /^(m+l)7r^ ^ i" mXi 7100 , 

tanh^sm^^a.r=l minxdx—Al ^2jqri[^^ 



cosn<^ 
n 



{m-^iyw 



n 



n 



n 



.2 + 2^ n^-f-4^^ft + Q 



+ 



n 



— &c. 



cosnx 



n 



(m4-l)it m 



I (I, 



2) (1^)2+ 12 {inf + 2^^{inf + S^ 



— &C. 



Similarly 



and therefore 



i 



(m+l)Tr 



cosnx 



n 



_o 



(w+i)7r 1 ^ nw 

— — hocosech"^ • 



n ' 2 



j: 



rmr 



i 



rmr 



tanh s sin nxdx==\ tanh x sin nx dx 



co^nw 
n 



miT 







1 , TT ^ UT 

— hnCOsecn-TT? 
n * 2 2 



tanh X sin ^^ dx= 



■rmr 



co^nw 



n 



(m+l)iT 



+ 





mt 



n 



mir 



2 TlTT 

--+'rcosech v 



^r-rcosech ^j 



(30) 



whether m be even or uneven, if n is uneven ; whence the result in (19) follows directly. 
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A similar course of procedure shows that 



J 



(w+i)7r ^ nw ( 2 

coth ^ sin ^^ dx=7r coth -— zzr-jr^ 1 + 






from which (22) may be derived. 

In his ' Nouvelles Tables,' T. 265, Prof. De Haan assigns definite values to the inde- 
terminate integrals 

I tanh ^ sin nx dx and I coth x sin nx dx ; 

Jo Jo 

and it is noticeable that, if these values be used, they lead to the same results as those 

just investigated. The reason is that the integrals in De Haan are in ejffect evaluated 

on the assumption that cos qo=:0; and if in (30) we had, in place of the first two 

terms, viz. 

,1.1 1,1 

written 

it is clear that the final result would have been the same. 

It may be remarked that the identities (19) and (22) may be somewhat generalized 
by means of the integrals 



i 



00 . , smh -T sin -—: 

Sinn ax . 7 ^ 2o 26 

— x~r sm nx ax'=^-T , 

cosh -7- +cos-r 




J 



^00 ^ , sinh 7- 

cosh ax , -J 'JT b 

' t 7" bin tvX ax — r\ z. " — 

sinh bx 20 nw ^ aw 

cosh -T- + cos -r- 



while other identities may be derived from 



Jo 



00 



, riTT aTT 

, cosh -T cos -T 

cosh ax y TT 2o 2b 

c^sOS COS nx dx=-^ .^ ^' 

cosh -7- + COS -7~ 

b b 

67r 



J-^co • r Sin 

sinh ax -. TT 



co^ nxdx=^ 



cosh -7- + cos — 
b a 



in which, of course, a is to be supposed less than h. 

§ 9. The well-known reciprocity of/ and <p in the formulae 

/W=\/(^) • j <p(^)cos^.^^^, f{n)=^Ji--\ . i <^{x)m).nxdx 

leads to a corresponding reciprocity in the formulae (24) to (27). Thus from the first 
of the integrals we deduce that, <p and/ being both even functions, if 

3u2 
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then 
and if 

then 

Also, from the second integral, (p and /being uneven, if 

<p.t^+<p(^^^)+(p(^+^) + &c. = -~-^— ^1^^ sin-^+/(^-^j siny- + &cj, 
then 

/^'+/(^"^W+/(^+^)+^^'™~~~"^ — ^^)?^{ ^" ) sm — ^+«P( — ) sm-— +&c.>; 
and if 






then 

Applying these formulse to the identities (18) to (23), we see that (20) is its own 
reciprocal, as also is the case with (18), (22), and (28); while (19) and (23) are reci- 
procal to one another. Although Cauchy, in his memoir " Sur les Fonctions reciproques " 
(Exercices de Mathematiques, seconde annee, 1827), has deduced, by means of his cal- 
culus of residues, a theorem which is in fact (24), he does not appear to have specially 
remarked the reciprocal character of the equations. 

The application of the formulae presents no difficulty. For example, comparing (18) 
with the first of the second pair, we have 

^^=z=sech w^ fa=:y^ l^\. 

whence the reciprocal formula is 



sech Y 



V it) \ ^^^^ ¥ "^ ^^^^ ^^^^ •— sech ^^^^ + &c. > 



=^ — ^^^ sech ~ cos -- + sech -- cos -~- + &c, K 

which, on replacing ^^x and ^wfju by w and (m respectively, coincides with the original 

formula (18) 

§ 10. On looking at the formulge (18) to (23) it appears that although we have trans- 
formations for sech ^ + sech (^—fe*) + sech (^+|^) + &c., cosech ^ + cosech (^— f^) 
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+cosech(^4-f^)+&c., tanh ^-—tanh (^--|Oti)— tanh(^+|j^)4-&c., and coth ^— coth (w—fd^) 
— coth (x+(Jb) + ScG.j there is none for either 



tanh ^ + tanh (^^--f^) + tanh (4"+i^)+&c. 



or 



coth .r+coth(^— |j^) + coth (^+i^)+&c. ; 

it is therefore interesting to inquire what are the corresponding formulae in these cases. 
If we write (21) in the form 



2^ . 47r^ 



cosech^ + cosech (^— /^)+cosech (^+i"') + &c. = ^<| tanh -^ sin -^ + tanh -^ sin ^4"&c. ^5 



^ ( 



\^ 



¥- 



^ 



f^ 



and reciprocate it by the third pair of formulae of § 9, we obtain the following result, 
tanh ^-{-tanh (.1;— |t^)+tanh (^4"i^)+&c. 



— < cosecn — sm — + cosech — sm — 



+&C. [•, . . .... (31) 



which apparently ought to be the first of the two formulae sought ; but in point of fact 
this equation (as can be shown by actual calculation, see § 16) is not true. 
It seems natural to recur to the integral (30), viz. 



i 



(m+l)7r 



tanh w sin nx dx ■ 



•mir 



COS W^ 

n 



(w+l)ir 






n 



mn 



2 - HTF 

-+7r cosech TT? 

n ' 2 ' 



from which, since the first two terms of the right-hand member vanish when n is 
even, we have 



(m+l)ix 






. ^mrx 



/^ 



WTT 



2 



tanh X sin z= ■— — + tt cosech 



whence ultimately, since ^x — |^=:sinS+^sin2^+^sin3^+&c., 



tanh ^+tanh (^— |t^) + tanh (^+|^)+&c. 



1 -L — J cosech — sm — 4* cosech — sm — 



+&C.... I; . . (32) 



but this result is not true either, and for the following reason : — Let 



and 



•^x=<px—(p {x—(ju)—<p (x+[j(j) . . . +<p (x—niJij) + <p {x+n(jij% 
^x=<px+<p (x—iJij) + (p (x+fji,) . . . +<p (^— ^|^)+<p (x+n[j!j) 



(n infinite), and suppose <px is an uneven function of ^ which =1, when ^= 00. 
Then 

•^(x+iJu)=Z'--'yl/x+(p(x--niJij)+p(x+(n+l)(jb) 

= -'^X, 
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SO that -^x is periodic ; but 

=XX+2, 

so that x^ is not periodic. Therefore we have no right to assume that between the 
limits and ^h oi x 

tanh X + tanh (x —/>«')+ tanh (^ +/>«') + &c. 

can be expressed in the form 

AjSm — ^AgSm J-AgSm — + &C.5 

the true form being 

1 sm — +152 sm — + Jig sm — - + &c. 
ft fx, /^ 

We may, however, assume that between the limits and ^(/j oi x 



tanh ^+tanh (^—,60)+ tanh (^+i"') + &c.=Ai sin — +^2 sin — +&c. ; 



and then 



7 A^=l Uanh^+tanh (^--/>o) + tanh(^-f |a)+&c. [ sin^ — ~ dx 

4 Jo f^ 

=< 1 +1 +1^ + &c. > tanh ^ sin dx 



i 



(2m+i)_ ^ 2n7ra! , 

tanh X sm dx 



C2m+i)^ r" 2 . 2n7ra^ 



— ^r—cos —I -^T-T-rsm dx 



= («)^^iJ^+Jcosech— . 

We thus find that between the limits and ^f^o of x (and therefore also between 
the limits —^[jij and ^(ju of x) 

tanh ^+tanh (^— |W^)+tanh (^+|W/)+&c.=- • 2^] sin — — ^ sin — ^ +&c. 

. 4 7r( , TT^ . 27r^ , , 27r^ . 4t.2? , ^ 

-4— • 7:< cosecn — sm — +cosecn — sm — ^ +-&c. 
* ft 2J ft ft ' (/, ft * 

= — — <cosech — sm — +cosecn — sm — +&c. >, . (33) 
ft'ft[ ft IX. ^ ^ (A. ^ j' \ J 

the terms on the left-hand side being uneven in number, and such that for every term 
tanh {x—n(j^) there is also a term tanh {x-]-n(/ij). 

If we write ^+f^ ^^ ^ in this formula (33) we increase the left-hand side by 

tanh GO +tanh go , that is by 2, while the right-hand side is increased by - , ^a, that is 
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by 2 also ; while if we replace w by w—[/j both sides are diminished by 2 ; so that (33) is 
true universally for all values of ^5 on the understanding that the left-hand side is 

tanh ^+1 tanh (^— /^) + tanh (^+f^) } + { tanh (^— 2jW^) + tanh (^^4- 2^) } + &c., 

viz. that after the first term the series is to proceed by pairs of terms ; so that for every 
term tanh(^+^f//) there is also a term tanh(^iji^p)5 and the whole number of terms 
included is uneven. Thus for w=:^[jb the series is 

tanh "IjO* + { -- tanh ^(ju + tanh f |t/^ } + { — tanh ^[m + tanh f f^ I- + &C' r 

the value of which is unity ; and not 

{ tanh ^f^— tanh ^ijij} + { tanh f p.— tanh ^[m \ +&c., 

which is equal to zero. 

If we write w-^^i/j for w^ and suppose the terms arranged in pairs from the begin- 
ning, we find 

\ tanh (^-4-i^)+tanh (w — ^[/j) \ + { tanh (^+fi^) + tanh (w—^fJi^) } +Scc. 

2<^ 27r f , TT^ . 2'7r^ , 27r^ , 47rw , o ) > « 1 v 

= < cosech — sm — -— -cosech — sm — +&c.> ..... (34) 



as the unity which is introduced on the right-hand side by the change is cancelled by 
the unity on the left-hand side, which results from the supposition that the number of 
terms is even. 

The last equation is, in fact, the relation 

eZ(^^4-K)=2^l^+Z(t^+K',^9 . ....... (35) 

(Fundamenta Nova, p. 165, and Dubege, § 69) ; for 

' , . 27r f g . ^ (f^ 'A Q^ * n o ) 

Z (t^)=:-g<-^_ gsm 2oC'-\-~^ sm 4^+Trir6 sm m-^-Scc. > ; 
so that (35) becomes 



27ri 



~2KK' 
of which the left-hand side 



r Q Cr 

< —,_ Q sin 2^^' + fir4 sin ixi—YZT^ sin 6^^+&c. 

+ K'1 —jZZr^ sin 2^+ j^^ sin 4^— &c. k 



TT (\—qe^^ l—qe'^l—qh^^ 1— g^e~'^^ ^ ) 
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and the identity becomes 

tanh (^--|/)t/)+tanh (^+-|^f//)+tanh (,r— f|W^)+tanh (x+^[J(j)+&c, 

2x 27r fsin 2z sin Az 



r2 



■ rsin2g_ sin 4^ ) 

|sinhv sinh 2v "^ 'y 



z being — and p being ~. We see from this investigation also that the left-hand side 

must consist of an even number of pairs of terms. 

As (35) is obtained by differentiating logarithmically the formula 



{ui+K)=^ (^)je^^' {u+K\ k% 



it follows that (34) is a form of the identity that results from differentiating loga- 
rithmically 

^-^^^^-(^-A^)^+^-(^+^)^+&c.rzz — <l-\-2e ^^cos — +2^ A^^cos- — +&c.>. 

The formula corresponding to (33) for the hyperbolic cotangent can be shown, by a 
process similar to that by which (33) was itself established, to be 

. . 2'KX . . Attx 
r 4sm 4sm n 

coth^+coth(^-//.)+coth(^H-//.) + &c.=:^-f+^]cot^+--^^^ (36) 

which holds good universally, on the same understanding, with regard to the number 
and order of the terms, as that which was found requisite for the truth of (33). 

6 11. I now proceed to show how the identities which have been obtained in the pre- 
ceding sections by elliptic functions, or by Fourier's theorem, can be deduced from the 
ordinary formulae for the cotangent and cosecant, viz. 

^om^oc^l-^^i::,-:^^^^!:^^ ..... (38) 

by elementary algebra and trigonometry. 
Thus to prove (18) we have 

1 1 1 

cosec {^+ai)^j:^-j:^^raizr^-^^ 

cosec (<^~^^)-^qr^,--^z:«r:^-^z:^ ; 

whence, by subtraction, 

o . o —i ^2~r-2— r~^ — ^2--~2+&c. = — ^j cosec (^ + ^^)-~• cosec (x— a^)L 
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Now 



cosec U' 



2i 2i e 



,m 



whence 

1 

— ^{ cosec (^+a^) — CO sec (cr—^i)|-=^''*~" ^^s^i-sa j^^^xi-^a j^^^^ 

= 2{^~''cos^+^'"'^''cos 3<r4-&c. |- ; 
and, on replacing x and a by — and — , we obtain the formula 

a a a ^. a a r. 

x^-\-a^ — ^^_^qr^ — J^^~3^r^^^^ (^-2^)2 + ^2 + (^^+ 27)2Ta2 "" ^^• 

=— (^ ^cos — +^ /^ COS — +&C. J. ..... (39) 

Now from (38) 

— sec oc~-~~-^ — - — z TT" + r- + &c. 

whence, writing xi for <r, 

sech^= ^2T(M'~^^T(M'"+'S^^ 
and 

- seen (*-^;_ - (^_^)2 + (i^)2+(^i:^qr(p2- (a;_^)2+ (|^)'-i + '^c. 

+ seen («— Z^ j = (^_ 2^) 2 +(1^)2 — (a^-2|i.)2 + (f;r)2 + (*■- 2,^)2 +"(1^2 ~ '^^- 

Adding these expressions together in columns, and transforming each column by 
(39), we find 

sech^'— sech (^— ^o*)-— sech (»'r+/^)+sech (»r-- 2|j>t*) + sech (^+2|a^) — &c. 
—. — 1^ 2/i COS— '4-^ ^ cos — +^ ^^ cos^ h&c. 

47r/ -.35! TTcT , ^9jrf 3^^, ___157rf 5^^ 

— -— (^ ^/^ COS — +^ 2/^ COS — -A-e 2m. cos — +&c. 
\^\ f^ /^ /^ 

47r/ _'^£! 7r<2? «1^' 37r^ . .J^ SttX 



^ 



-•'.r 7r<2? ^l^ Sttx . -Mil' Stt^ . ^ \ 
^ 2^ cos — -+6 2^ COS h^ ^/* cos--^+&c. I 

[^ [/, fj. J 



MDCCCLXXV. 3 X 
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which, after summation of the columns, 

^2 371-2 5^'i 

= T^( ^^-"^5 COS — + -^ COS -—+ H^ COS -TT+fec. I 

'^ ^l+e~f^ ^ l + e f- ^ 1 + e /^ ^' "^ 

= — seen TT- COS — +secn7r" cos j- seen tt- cos — +&c. }. 

IJ.\ 2jU, ju, ' 2jU, ju, ' 2jU, !«, ' y ' 

which is the identity (18), that was in § 6 deduced from the formula 

cos am i^=:sec am {ui., ^'), 
and in § 8 from the integral 

I TT flit 

I sech X cos nx dx=- sech -^. 

§ 12. The other identities, (19) to (23), admit of being demonstrated in exactly the 
same way. The formulae of transformation, similar to (89), that are required are 

w x — u^ w + u, , „ 27r/ _!^ . TTX , _!!!? . Sttw , ., \ 

— - \2T""2 — 7 — . — N2 . o +&c.=— I e f^ sm. — \-e ^ sm^ — +&c. . 

a , a , a , „ ^/-i , ^ ~— ^tt^ , ,. ™!!I2 4?rcr , „ 
a- — 2+^^ rg-^ — 5 + 7 — : — r2-r~li + &C.==---( 1 + ^^ '* COS - + Z^ f^ COS h&C. 

0? , x — u. , 074-/^ , o Stt/ _?!?:^ . 27r<2? , ^^ . 47rcr , ^ \ 

xN:^+r*-"-^T^^+(^+fZp+^^+'^'^-=7\^ '^ «i^ir+^ " sm-^+&c.j, 

the first resulting from cosec (^+a^)+cosec (w-^ai)^ and the other two from cot (^4"^^) 
+cot(^— •a^). The following expressions, which are analogous to that used for sech x 
in the last section, are also needed : — 

tann a^=~q7^2+^q:^2+^2:j7^|;^2+«c., 

I X . ii^ ^e2/ ^'2/ p 

COth ■^ = ^+^2:,:^+^2 + (27r)« + a?2 + (37r)2+ ^'^•' 

.• X ^cX/ ZiOC ^OG Q 

cosech ^==-— ^23^2+^_^-^^2^^^^ 

all of which follow from (37) and (38) at once in the same way as that by which the 

formula for sech x was obtained. 

Only one point calls for notice in these demonstrations, viz. in the proof of (20) we 

find 

sech <r+ sech (^— |M/)+sech (^+^)4-&c. 

= —1 + 2^ 1^ cos t2e ^ cos-— + &C, 



11+2^ /^ cos- — -\- le ^ cos h&c. I 






J — (14.2^ ^cos— - + 2^ ^ cos — + &C.J 
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and in order to obtain the correct result we must replace the indeterminate series, 
1— 1+1— -l + l— &c., by ^. Cases in which the method gives results absolutely erro- 
neous will be noticed in § 16. 

It will have been seen that the process of § 11 consists in replacing each term 
of the original series by n terms {n infinite), and therefore the original expression itself 
by n^ terms. Each series of n terms formed by adding the vertical columns is trans- 
formed into another series of n terms, so that we thus replace the first scheme of n^ terms 
by a second scheme of n^ terms, which latter system, being such that the columns admit 
of being summed as ordinary geometrical progressions, gives the second side of the 
identity to be proved. 

§ 13. A question that naturally arises is to inquire what are the results which we 
should obtain if, instead of using (39) and the similar formulae for the conversion of 
one series into another, we were to replace at once these series by their finite summa- 
tions, ^. e, instead of (39) to take 

2 cos — sm — 



COS — smh — 

TT ^ ^ 

'^ sm"^ — + smh^ — 

We thus find 

sech 0?— sech (j?— ^)-™sech(a:+^) + &c. 

. smh— smh—- . 

=:-^COS^i ^'^-— — ^'^-^Z2 + &C.k .... (40) 

' ^ sm^ — fsmh^-— sm^ hsmh^-— ^ 

while the left-hand side also 

===— I sech^- COS — [-sechY^cos — +&c. | ........ (41) 

from (18). Although (40) is the identity which we have absolutely proved, we may 
regard the fresh identity as being that which follows from (40) and (41), viz. (writing 

for the moment x in place of — , and (jb in place of — ) 

cos X COS ^w J sinh|ju, sinhfjx » ) ,,^. 

coshi^+^5ih|;t + ^^-"-^^^^'^|sir?^ + sinh2|^ ' ' ^^^>' 

This result follows immediately from another form of the series for the cosine 

3x2 



We easily see that 
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amplitude; for on p. 113 of his 'Lehre von den elliptischen Integralen und den Theta- 
Functionen' (Berlin, 1864), Schellbach finds 

9^0 gx=^ cos ,2^ 2iQ 2^_2(72«+i cos 2w + q^^^' •».... (^^j 

6o6cfigoc=' — cos am ===4< jq7-cos.r+ ~^^ , . . (44) 

and the comparison of (43) and (44) at once gives (42), since sin^^+sinh^«^==-|^ (cosh 2a 
— cos 2x). The result (43) is also given in the ' Fundamenta Nova,' p. 102. 

It thus appears that by absolutely summing, instead of transforming, in the process 
of § 11 we obtain the series of formulae which Schellbach has given on pp. 113, 114 of 
his treatise, so that all the formulae and identities which arise from the transforma- 
tions of the elliptic functions are algebraically exhibited by the method of § 11. It is 
unnecessary to write down the series of identities analogous to (42) for the other func- 
tions, as they can be easily derived as above from the values in Schellbach. It may be 
remarked that (40) is a transformation of sec am {u% Jc^)=co^ am u^ but (42) is merely a 
transformation of cos am u=q>o^ am u. If, therefore, we perform the process of § 11 in 
reverse order (^. e. starting with the trigonometrical side of the identity to be proved, 
sum the rows instead of transforming them) we obtain (42) at once. 

It appears at first sight as if Schellbach's formula 

— sec am = sec ^+4 cos ^S, ^ ^^^-a___^_^^ /^g\ 

TV TT ' ^^ l + 2g''*cos 2^ + ^^* \ ^J 

gave rise to another formula for the cosine amplitude, by writing wi for w and changing 
the modulus from k to K ; but this, in fact, merely gives an expression already obtained ; 
for the right-hand side of (45), on writing xi for w and e"^ for q, becomes 

sech ^+4 cosh x %. — h7r~\ uir~^ 

' ^ cosh 2^ + cosh 26^ju,' 

1 . 1 1 , ^00/ X, cosh (,^— 5a) 4- cosh (^4- ^iW-) 
which := sech ^ +:§,(-- )* rS — ^i~-~~-~^^-^^—-^ 

^ ^\ J cosh (.^ — 5ju,) cosh (.^-l-^ju,) 

=sech x-\'X^[ — y\ sech (^— 5^) + sech {x-^si^)]. 

Formulae such as (45) are the nearest approach I have met with to those numbered 
(10) to (17) and the other expressions at the end of § 5 ; but (besides that an imaginary 
transformation is required to reduce them to these forms) they do not put in evidence 
the periodicity of the functions. 

§ 14. It is perhaps desirable to place side by side, for convenience of comparison, all 
the different forms into which one of the functions, the cosine amplitude, has now been 
thrown. Writing, as before, 






'V 
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cos am u 



=m.] 1+^ ^^® ^+r+? ^^^ ^^+1+^ ^^^ 5^+&c. 



27r 



AK'1 £. 



2' 



1+r 
5-1(1-9^) 



1 — 25cos2a? + j^ 1— 2^^008 2^ + 2'^ 






(a: N z 



9^7r -}-7* 



(^0 



+&0. 



+ &C. 



=^r^f\ sech 0— sech (js— v)— sech (^+*')+&c. } 



w J K /I 1. / cosh V cosh2y ^ 

2^,|secli z-4: cosh ^^^^^j^ ^^ ^^^^j^ 2v~^^^sh22T^o^hlh/+^^- 



2j^s^ sech ;2!~Y;:j:^ cosh ;2+Y:p^ cosh 3^-^&c.p 



while ^5 z^ [Jb^ y being any four quantities subject to the relations 



2 



TTW 



p=:7r% Z 



the identities are :• 



^ \ 



( wh 



ence a?: 



TFZ 



sech ^— sech (^— lu,)— sech (^+|t^)+sech (w~2iJb)+sech (w-^2(Jb)'—&c, 

cosh fx, cosh 2jM. 



sech o;— 4 cosh^r^ 



cosh 2w + cosh 2ft cosh 2a? + cosh 4jm» 



+ &C. 



sech^ 



4 cosh ,^' . 4 cosh 3^ 



6/^4- 



1 *+* ^3^4-1 



&C. 



27rf cosher cosh 3<2r cosh 5^ ^ 



fjt I cosh ^v ^ cosh ^v "^ cosh f v 



2v 

= — COS0 



Isin^^" 



sinh |y 



sinh f V 



+ sinh'^iv sin% + 






Another form will also be given in the next section. It is scarcely necessary 
observe that corresponding formulae and identities exist for sin am ti, A am u, cosec am u 
sin am u 



MMmBf d4**'-l>Jk %Mf 



■j &c. 



§ 15. The identities (18) to (23) can also be proved by trigonometry in another 
distinct manner, by starting from the trigonometrical sides of the equations. Thus, 
for (18), from the formula 



4 sech 2^H— 12^.^2 --*32_^ ^^21-52^^2 



3 5 



&c.. 



r^ 



we have (writing z for ~ for brevity) 



J sech Y cos^= 






cos z 3 cos z 



,2 



m" 



<9 I * 



3V^ , ,a^5V 



5 cos 2 



UvO* 



It' 



+ r 



w 



+ 1' 
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TT StT 

jsech ^ cos3;2 
4 2ft 



7 seen TT-coso^ 

4 2fju 



f^' 



( cos 3^ 



«r2 , 



_|_3 



3 cos 3^^ 5 cos Sz ^ ^ 

— — -&C. 



2.. 2 



3V 



2.. 2 



TT 



2 



91' 



4-3 



2 



5V 



TT 



— j— o 



2 



ju,^ f cos 5z 



,2 






3 cos 5z 5 cos 5^ 

T" f^2..2 



'^2.. 2 



3V 



^' 



+ 5 



2 



5V 



^ 



2 



+ 5^ 



&c. 



• 9 



whence 



^ ( 






3^' 



2 



K— 2 



27r ( ,. 

KsechT^^ cos ;^+sech —7; cos S^ + sech ^ cos 5^3 +&c. 



2ft 



2ft 



8ft ( cos 2r 



i'^ 



cos 32- cos 5^ ^ 



d T" 3 



TT 



2 



^ +5' 



w 



2 



8ft 



3 cos z . 3 cos Sz . 3 cos 5z 



3V 

1 — i 



q2„2 ~rQ2..2 'T'42,.2 -f-cx;c. 

2 +3^ 



,2+1' 



3> 



•2 



3V 



+ 5 



2 



TT 



It' 



+ . . . . 

^ Jsinh (If^— <^) 

~~ I cosh ^ft 



cosh-|ft ~ cosh |- ft 



e 



— X 



2 cosh w^ 

l + et^ 



^-3X — 



2 cosh 3^\ p 



2 



6^-f-e 



—a: 



4 cosh ^4 cosh 3<2? ^ 



1+e^ 



1 + e'*^ 



sech(^— f^) 



. . (46) 



which, as shown in § 4, 

=sech^— sech(^-- •/^)— sech(^+f^)+&c. 

We thus in the course of the proof obtain another form for sechor- 
— sech(^+f^)+&c.5 viz. 

^ ( sinh (Ift— ^) sinh 3 (|ft— ^) j^slnh 5 {^j/.—w) „ ) ^ 
) cosh 1^ ft cosh f ft ' cosh f ft ') ' 

whence, in addition to the forms for cos am ^ in § 14, we have 

nnQ «m ./ — "^ J^iBMi^Zlfl sinh3(|y-^) ) 

kisJ i cosh -gv cosh f v - j 

This method of proof is not so interesting as that of § 11, both because the formulae 
required cannot be obtained in so elementary a manner, and also because the identities 
(18) to (23) are not so directly verified, as their right-hand members are shown to be 
equal to expressions such as (46), which themselves need some transformation before 
they assume the desired forms. The formula 



cos^ . cos 3^ 






12^^2 I 32^^ 



+ &C. 



w sinh (||39r— 13^) 
4|3 cosh ^|S^ 
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which was required in the verification, is best obtained by deducing it from the well- 
known theorem 

cos a: cos 2^ cos 3,^ ^ w cosh (/Stt— /3^) 1 /a'7\ 

p:^r^ + 22q:^2^ sinh^Tr ~2JS2' • • • • {^U 

from which, by writing |j3 for ^ and 2x for ^, dividing the equation so obtained by 4, 
and subtracting it from (47), we find 

cos w . cos 3x 



+ 



12 + ^2-1-32^^ 



■ .r. ^ rC0Sh(/37r — |S<27) ^cosh{^^7c — f5x)\ 

2 + ^C. — 2~^- j ^inh^^ 2"~~smhp^~") 

TT (cosh (/37r—|S^)-- cosh {^/37r--|8,2?) cosh IjStt 

~~2^| sinh ^"^ 

TT sinh(|/37r-"/3.2;') 

"~"4|S * cosiTpT""* 

It is to be noticed that (46) is only true if w lies between and (m. This may be 
regarded as a consequence of the fact that (47) only holds good when a: is positive 
and less than 29r ; but the necessity for the condition is also evident from the process of 
verification by ordinary algebra. Thus the expression in (46) 

•^2L-'-^p-^-4..-^- 2 cosh ^ 2 c osh 3^ 

+ &c. 



= sech^ — sech(^—|Ot/) — sech(a;+^..)-f &C.5 

wherein we see that to justify the summations of e'^'' — e'^'' + &c , and ^''"^— •^^^■'""^^+&c, 
as ordinary geometrical progressions we must suppose w to be positive and less than ^. 
Also since sech ^— sech (^-~|M^) — sech(^+i"')+&c. is periodic, while the expression in 
(46) is not so, we see that the equality will not hold good beyond these limits. 

I have worked out the corresponding proofs of the other five identities (19) to (23) 
in the same way, but none of them call for any special remark. The process is not iii 
all cases exactly similar, as, ex. gr.^ in deducing (19) from 

I /Q2 I o2 vK-U., 



sinh/S7r~"/3 /S^^ 1^/32 + 22 
sin 00 i^ sin 3^ .5 sin bx ^ ^r cosh {\^tt—^x) 

we find 

sin ^ sin 3^ 2a , . i • o i • r 

ihihrv+Si^y + ^^-=^ (sm c+i sin 3z + i sm 52+&c.) 

/w, (cosh fa — 2^) cosh2{a — 2^) . ^ 

TT I cosh ft cosh 2/Jl "^ 
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whence, since the first series on the right hand side =-5^5 when x is positive and less 

than jM*, 

sing sm3^ 4.&c::^^ L __g cosh(/x>-2^) CQsh2 (/x>~2^) __^^ 
sinh^j^ ' sinhl^v ' ' 27r1 coshju. ' cosh2jw. 

and 

cosh f (jt» ■""" 2f2?l cosh 2 iw^—'^X] 

The other transformations to which the method of this section leads are 

1 1 / \ 1 / \ o T I r.co%h{ii.—'2w) ^ cosh2(jw.— 2^) ^ 
coth^— coth(^— /^)— coth(^4-/^)4-&c. = l+Z — ^-^^^^^ \-A — cosh2|u. +*c-? 

cosech^---cosech(^---fo)-"Cosech(^+|a»)+&c.= A — cosh J-iu, "^ — coshPiw, +*c., 

cosech^+cosech(^— ^)+cosech(^+i^)+&c.= 2 ~~sm h"V~~ "'' ^ — ^inh^u. h&c, 

t, . 1./ \ . I,/ I \ 1 JP ^ cosh(^p,-^) o cosh3(-|/x,— ^) 

sech^+ sech(a;-//;)+ sech(a^+^) + &c.== 2 ^^^^^^ "^ sinhfi^ -+&c., 

which can be readily verified by ordinary algebra in the manner explained above. In 
all these identities w must be positive and less than (Jb. 

§ 16. It only remains to apply the methods of §§ 11 and 15 to the identities (33) and 
(36), which differ from the others by relating to non-periodic functions. Employing 
the method of § 11, we have 

1 Ztt// Mil/ I jUU/ q 

tanil 37 = ^2+ (1^)2 +^2+ (3^)2 +^2+(|^)2 + «C., 

, , , 2{x—fi) 2{x—ix,) 2{x—fji.) „ 

whence 
tanh^+tanh(^--f>o)+tanh(^+jM.) + &c.=-^i^"'' sin2;2+^~'^ sin4;2+&c. 

+ -^ < ^"^'^ sin 2z + ^"^^ sin 4;^ + &c. 

-4 — ^ i^~^'' sin 2:2+^"^^'' sin 42J + &C. 



• • 



— L_g-2^ sm 22+ i_g-iy sm 4z + &c. 

2^/sm2z sin 4^ \ 



MR. J. W. L. GLAT8HEE ON THE THEOEY OF ELLIPTIC FUNCTIONS. 513 

whereas the true equation is 

tanha.+tanh(^-f*)+tanh(^+^)+&c.=-+-(^^j^^+^j^^+&c.j. . (49) 

It is well known that if an infinite system of series be summed by rows and by 
columns, the results need not necessarily be the same; but the above is a striking 
instance of such a disagreement. We should be prepared for some ambiguity from the 
observation that although the value of the left-hand side is liable to a change of a unit 
according as the number of terms retained is even or uneven, yet in the process of 
transformation no condition whatever with regard to the number of terms in the columns 
is, or can be, imposed; but we should scarcely expect to obtain an absolutely erroneous 
result by an apparently definite process. 

If the same method be applied to the hyperbolic cotangent, we have 

coth ^=~+^2::f:^+^2^ ^^^y^%c^., 

and finally 

cothar+coth(^™^)+coth(.i;+f^)+&c.==%oth0+^/j^ . (50) 

which is also erroneous, the term — being omitted on the right-hand side. 
The method of §15, however, yields correct results, for 

2 — 2 — 

--cosechj^ sm2;^==7^--— ^ ■^-\ g— &c.>sm20, 

^ ^i' 1^+^ 2^ + L i 



2v 2v 

2.- 2.^ 

cosech % sin iz=~ l^ ^+ ^._&c. \ sin iz, 

^ ^{^^ x2+— 2^+ 



2w n ^ . . 2 Ctt 



^2 ^2 



• • • • •• . • • 



• • • J 



whence 



2w 

— (cosech p sin 2;^+ cosech 2p sin iz-^-Scc) 



2 / . ^ 2 sin 25r , 2 sin 25r ^ \ 

^\ ?^+i2 £j^4.i2 ; 



TT^ ' ^ ^2 



2 /sin 45- 4 sin 4^ 4 sin 45r \ 

' JT \ 2 11.2 » 92/i2 OCL. I 



2 + 2^ -^ + 2^ 






^. sinh- (tt — 22') sinh-^CTr— 2^) 

2 JTT TT ^ \ TT ' ' 

— <-: — Z — ^ r-r +^ . 1 ^ &C. 



MDCCCLXXV. 3 y 
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(by use of the formula sin ^+i sin 2^+i sin 39+&c.=^t— |9) 



ft smh ft ' smh 2fi ' 



and therefore 



2<:r 27r/sin2^ sin42' ^ \ -. ^ sinh(|x — 2.^) ^ sinh 2(ft— 2.2?) ^^ 

ju. ' /x \ sinhv ' sinh2y^ / sinhft ' sinh 2ft 

(p'ix p—2x p4x p—4x 

= 1— i^ + 2{(e^-6-^^)(e-=''+e-"^+&c.)-(e''-e-"X^""'"'+«""'+&c.)+&c.} 

=tanh^+2 < j^ -f. 6^(2;-/*) "~" 1 -|-e-^^^+/^>"*" 

=rtanh^+tanh(^— /^)+tanh(^+f^) + &c., 

which is the true formula. 
In the same way, since 

y y 

~ coth p sin 22:=- < -+ a^ 5 +&C. >sin 2z, 



P + -2 2^^+ 2 



we find that 



— (coth I' sm 22;+coth 2p sm 42;+&c.)=ir +1 + 2 ^ -+2 . T^ — ^ +&c. 

ft ^ * • ^ ft ' • sinhft ' smh 2ft ' 

= — -— + cotha: + coth(^— ia*)+coth(a:+|W*)+&c., 
ft 

which is correct, and agrees with (36). 

It is of course easy to assure one's self that (48) cannot be true ; for, taking ^=:r for 
simplicity, and differentiating with regard to w or 2;, 

4 4 4 p _ Q j ^^® ^^ I ^ ^^^ '^^ ^ ^^^ ^^ I jD ) 

and it is evident that if we take ^>^t and <fT we should have a positive quantity 
equated to a negative quantity. 

I thought it of interest to actually verify numerically the truth of the formulse (33) 
and (36) in one or two cases. Working with seven*figure logarithmSj and taking (^=^2, 
^=|, I found that each side of (33) was ^0*545188, and for |M*=2, ^=| that each side 
was =0-282281 ; while for ^=|-, |t/*=2 each side of (36) was —2-071125 and for A'=: J, 
1^=2 each side was =4-04247 ; placing beyond doubt the correctness of (33) and (36). 

It is a characteristic property of the identities noticed in this paper that in all cases 
the series on both sides are convergent whatever may be the values of .r and (jb. For 
the actual calculation of the elliptic functions the formulae (10) to (17) would be 
preferable to (1) to (8) if the angle of the modtilus was very near to 90^^ so that q was 
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nearly equal to unity ; but as probably the theta functions (or their transformations as 
in (28)) would always afford the best means of actually calculating the elliptic functions, 
I have not investigated whether (10) to (17) would present any advantages over the for- 
mulae which result directly from the change of modulus from h to Tt\ as ex. gr. the formula 
at the beginning of § 4, viz. 



I-'I^^-TT-, (^^+0+TT;i(^^'+O-&c.}. 



COS am ^=-7 

§ 17. There are two well-marked classes of identities that are derived from the theory 
of elliptic functions, viz. pure algebraical identities, in which only one single letter is 
involved, as ew, gr. 

(l--.2^+2£^~~-&c.)'+(2^i+2^*4-&c.)'=(l4.2^+2j*+&c.)^ 

and what may for the sake of distinction be called transcendental identities, viz. in which 

a function of ih is equated to a function of — . To this latter class belong the chief 

identities discussed in this memoir ; and if special values be assigned to x such that the 
left-hand member of the equation is of the same function of iJb that the right-hand 

member is of —, or, in other words, if the identity is of the form (p{ih) = <p{i)^ where p=T^ 

such a result is usually very interesting. The best known identity of this class is 

V log^(i+£+2'^4'2^+&c.)=4/ log-(^+r+r^+^^+&c.); . . (51) 

but there is another elegant formula of the same kind to which Abel has drawn 
attention (CEuvres, t. i. p. 307), viz. 

^^(i+?)(i+2='Xi+ff')---=5^-(i+0(i+^'Xi+^')---, • • • (52) 

the relation between q and r being of course 

logg^. logr=T^ 

It seems probable that all the transcendental formulae of this latter class can be 
deduced from the trigonometrical identities in § 11 and at the beginning of § 12 by 
elementary methods, without the introduction of elliptic-function formulae ; and it is of 
some interest to verify (52) in this way. 

Starting from the formula (23), which may be written 

^ sin^ sin 3^ ^ mi 1 1 1 . ^^ ) 

— ^cosec^+Y^T^-fj^^^^g^+cfec — -^2^\^ZI^^'^ e'-^^ 






we have, on differentiation with regard to 5r, 

cos^ 



cos<y 3 cos ^ w „ _^i__f!±fl!_ e'^-'' ^ e"^'-''^ ^ ^-^v j^ ^-jz^v) \ 



3y2 
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Put ^=0, and 

4 sm2^-"^-^2^i«.^^2)-~4^2iJ- — 2'^i~l-^j 



1 



while 



'4^2 2 4? 



— 4^2 i- 2 4^2 » 



so that 



241-14.6^.^-1+^3^-}-^^ 24^^2 ^2|^gv_g-.)2— (g2._g-2v)2-r«:C. 



^2 ^% 



=-«^".--2 i(e-' +e-^'')(l+2e-='+3e-*''+4e-«'' +&C.) 
- (^-^^ + ^-^''Xl + 2^-^'' + 3^-«»' + ie^'^' + &c.) 

+ &C. } 

---¥4 ^2-~~2|i:p^+iqr^3^+^^ 

_ 1 !^ ^'f ^ , ^ , g. K 

whence, on integration with regard to f^, 

-ol-l0g(l+^^'^)-l0g(l+^"^'^)--~&C.==--.^--~l0g(l + 6~^^ 

+ const 5 
viz. 

and C:^:!, as is seen by putting f^=7r ; so that (52) is established. 
The other identity (51), or rather the generalization of it, 

^-^4.^-(-~^^)^+^K*+f.)^+&c. = ^|l + 2^""5 cos ?^ + 2^~"'^ cos y'^+&c. I (53) 

(which is much more difficult to prove by elementary methods than any of the identities 
discussed in this paper), I deduced by algebraical processes from the equation in § 12, 
viz. from 

\ ^ j^ — ^Q~-----2+&c,=::-<l + 2^ ^ cos ]- M ^ COS— -4-&C. >, (54) 

in the Philosophical Magazine for June 1874 (ser. 4, vol. xlvii. p. 437 et seq.) ; but it 
perhaps is worth while to note here what is the most natural way of obtaining it from 
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(54), viz. by help of the theorems 



e 



_„2 



da2 



a 



X'^ + c^ 



«=0 



2n^ 



rf2 



— M.2 



a=0 






. . . . (56) 



-n2 



rf2 



whence, operating on (54) with e ^«', and making ^=0, we have at once 



s/nti - 



(,X~-0' 



(2;+|ut)5 



It 



4^2^2 



27r<2? 



I6»27r2 



47r^ 



.^ 4^'+^ ^^' +^ ^'^^ +&C. !>=-■] 1+2^ '^^ cos""+2<5 "' cos -'^^+&c.J^, 

which is (53) if we take 7^~^. 

Of the two lemmas (55) and (56) the truth of the second is seen at once, for 



rf2 



-n2 






+rT7^';7r4-&c.^~ 



= (l-^ 



02 



ax 






—n'^x'^-ax . 



and (55) is easily established, since a being put =0 after the performance of the 
diiferentiations, 



e d«2_______^_.^ d«2^ ^-«"cos^t^at^=i 



9 I ^ 



,-n2«2 



J 



COS wu du 






But the investigation is not elementary ; and if we assume a knowledge of the integral 



i 



^-d^x^ cos 2hoc dw=-K~ e «', 



we may as well apply it directly to prove (53) by Fourier's theorem as explained in § 7, 
or employ it as Schellbach has done ('Die Lehre von den elliptischen Integralen &c.,' 
1864, p. 30). It does not seem to be easy to establish (55) without the aid of an integral ; 
for, expanding in ascending powers of ^, we have to show that when a=0, 



e 



— »2 



d2 

<fa2 



y,z 



00 i SO 



,4 



,+-.-&c. 



\/lt 



X^ . x^ 



a a^ ' a^ 



•+ 



2n \^ 4n^ * 32nf^ 

and, taking the first term only, although we see at once that 



&c.); 



e 



, rf2 1 . d-^ r"^ r* V^r 



yet 



^„2j^ 1 1 1.2.n2 . 1.2.3.4n4 
a a 



a 



8 






a^ 



&c., 



which is divergent, and cannot apparently by any simple method be so transformed that 
its value when «=:0 may be evident, without the intervention of an integral. Thus the 
method depending upon (55), though more direct, is not so elementary as that described 
in the Philosophical Magazine, 
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It is curious that all the formulae of the form 

^x + <p{x — LJb) + <p{x + i"/) + &:c. = series of sines or cosines 

which can be obtained by definite integrals, and which possess any interest, should be 
in reality elliptic-function identities. Of course every result that can be derived from 
these identities by differentiation, by multiplication by a factor and integration, &c., 
can as a rule be obtained directly from an integral, which integral itself would arise 
from a similar treatment of the original integral. This is true of the identities in the 
Philosophical Magazine, ser. 4, vol. xlii. pp. 422 et seq. (December 1871); and, for 
example, such an integral as 

"^^^~dx=^e''\e--''"exic{a-b) + e'^'^'exic{a+b)} . . . (57) 



J. 



/i» CO 

(where erfc ar=i e'^'^'^dw) would give rise to identities which, however, could be deduced 
from (28) and (53) by a similar process to that by which (57) can be derived from 



Jo 



CO 

e'""' cos 2bx dx=^-Y' ^~^' 



